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THE CLOSED GEODESIC PROBLEM AND THE STRING
PRODUCTS
ARUN MAITI
Abstract. In this paper, we show that the Chas-Sullivan product (respectively the
Goresky-Hingston product) on level homology is modeled on local geometry of an
isolated closed geodesic with slowest (resp. fastest) possible index growth rate. We
discuss how string topology along with this result gives a new perspective on questions
of the existence of closed geodesics.
1. Introduction
The notion of geodesic on Riemannian manifolds is a generalisation of the notion of
a "straight line" on Euclidean spaces. Geodesic is a curve representing in some sense
the shortest path between two points in a Riemannian manifold. In Einstein’s theory
of general relativity, a freely falling object moves along a geodesic in curved spacetime,
which gives a physical meaning to geodesics. A closed geodesic is a geodesic that returns
to its starting point with the same tangent direction.
From a topological perspective, non-constant closed geodesics are important because
they put powerful constraints on topology and geometry of a manifold. For instance,
it is possible to place bounds on the volume of a closed orientable manifold in terms
of the lengths of the longest or shortest closed geodesics. Closed geodesics also play
important roles in studying periodic orbits in Hamiltonian dynamics.
In order to investigate the existence of closed geodesics, geometers often like to view
them as critical points of energy functional on the free loop space. The free loop space
Λ(M)(or simply Λ) of a compact Riemannian manifold M of dimension n is defined by
Λ = {α ∈ W 1,2([0, 1],M)|α(0) = α(1)}.
It admits the structure of a Hilbert manifold [10]. The energy and length of an element
α ∈ Λ are defined respectively by
(1.1) E(α) =
∫ 1
0
g(α′(t), α′(t))dt and L(α) =
∫ 1
0
√
g(α′(t), α′(t))dt.
The critical points of the energy functional are closed geodesics. Each closed geodesics
γ corresponds to S1 family of closed geodesics, called the orbit of γ and denoted by γ¯,
under the circle action on the free loop space defined by translation
S1 × Λ→ Λ, (e2piit, γ)→ β, β(s) = γ(s+ t).
Each closed geodesic γ is also associated with an infinite family of closed geodesics,
by taking iterates of γ, γm for m = ±1,±2, · · · . So, the circle action and iterates of a
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geodesic produces geometrically the same object, meaning, their images are the same
subset of M .
The problem of showing the existence of infinitely many geometrically distinct closed
geodesics on any Riemannian manifold, is also known as the closed geodesic problem.
Here closed geodesics are always understood to be non-constant. In §2, we review some
of the important results on this problem. The main approach to resolve this problem
has been to use topological complexity of the free loop space to force the existence of
critical points of the energy functional. Topological complexity of a space often reflects
on its homology groups(for instance, on the growth of Betti numbers) and algebraic
structures on them.
String products are part of a bunch of algebraic operations on homology of the free
loop space, introduced by M. Chas and D. Sullivan in [4, 15]. By string products we
shall mean the Chas-Sullivan product and the Goresky-Hingston product on homology
and cohomology of the free loop space respectively.
In [5], it was shown that the products extends to level homologies H∗(Λ
≤a,Λ<a) and
local level homologies of isolated closed geodesics, H∗(Λ
<a ∪ γ¯,Λ<a), when the levels
are defined with respect to the square root of the energy functional F =
√
E, i.e.,
Λ≤a = {α ∈ Λ| F (α) ≤ a} and Λ<a = {α ∈ Λ| F (α) < a}.
The critical points of F are the same as of E. The index of a closed geodesic γ is the
dimension of a maximal subspace of the tangent space Tγ(Λ) at γ of Λ on which the
Hessian d2F (γ) is negative definite, and the nullity of γ is dimT 0γ (Λ)− 1, where T 0γ is
the null space of the Hessian d2F (γ). The −1 is incorporated to account for the fact
that every non-constant closed geodesic γ occurs in an S1 orbit of closed geodesics. A
closed geodesic is said to be nondegenerate if its nullity is zero.
The behaviour of the local level homologies with respect to the string products in the
nondegenerate case were discussed in [5]. In §3, we prove the following two theorems
for isolated geodesics(possibly degenerate).
Theorem 1.1. Let γ be a closed geodesic, and assume that the orbits of all its iterates
are isolated. If γ admits a non-nilpotent local level homology class with respect to the
C-S product then index(γm)+nullity(γm) = m (index(γ)+nullity(γ))− (m−1)(n−1).
Theorem 1.2. Let γ be a closed geodesic, assume that the orbits of all its iterates are
isolated. If γ admits a non-nilpotent local level cohomology class with respect to the G-H
product then dim(x) = index(γ) and index(γm) = m index(γ) + (m− 1)(n− 1).
The sum index(γm)+nullity(γm) given by the first theorem is the minimum possible
by Bott’s index estimate 2.1 and in the second theorem index(γm) is the maximum
possible, facts that were also alluded to in [5].
We shall see that these two theorems in turn provide criteria for the existence of
infinitely many geometrically distinct closed geodesics. We follow the notations in [5]
to facilitate cross-referencing with their work.
Convention: The (co)homology considered in this article are with Z co-efficient when
M or the space concerned is oriented, and Z2 otherwise.
THE CLOSED GEODESIC PROBLEM AND THE STRING PRODUCTS 3
2. Known results
The existence of at least one closed geodesic on any compact manifold was shown by
Lyusternik and Fet [11], extending the works of Birkhoff [1]. If the fundamental group
is non-trivial then one merely needs to look at the closed curve representations with
minimal length. For simply connected space one uses Birkhoff’s minimax argument.
The existence of infinitely many geometrically distinct closed geodesics on surfaces
is shown using a similar minimax argument as of Birkhoff’s. Rademacher has shown
that a simply connected compact manifold with a generic Riemannian metric admits
infinitely many geometrically distinct closed geodesics [14].
The main obstacle in finding geometrically distinct closed geodesics is that the iterates
of closed geodesics may also contribute to the homology of the free loop space. The
contributions are often controlled by their index and nullity.
The following theorem due to R. Bott [2], gives us estimates of indices of iterates.
Theorem 2.1. Let γ be a closed geodesic of a n-dimensional compact manifold M and
let λm and νm are the index and the nullity of the m-fold iterate γ
m respectively. Then
νm ≤ 2(n− 1) for all m and
|λm −mλ1| ≤ (m− 1)(n− 1),
|λm + νm −m(λ1 + ν1)| ≤ (m− 1)(n− 1),(2.1)
Furthermore, if γ and γ2 are nondegenerate, then for any k ≥ 0, there exists a
constant Ck such that for all m ≥ Ck,
|λm −mλ| ≤ (m− 1)(n− 1)− k,
|λm + νm −m(λ + ν) ≤ (m− 1)(n− 1)− k.(2.2)
The contributions of a geodesic to local level homologies are better understood than
homology of the whole loop space. We recall below some of the well known results on
this.
Let γ be a closed geodesic and Γ− → γ¯ be the negative bundle whose fibers are the
negative eigenspaces of Hessians of F . We then have the following from [13].
Theorem 2.2. Let γ be nondegenerate closed geodesic on a compact manifold M of
index λ. Let G = Z when the negative bundle Γ− → γ¯ is oriented, and G = Z2
otherwise. Then the local level homology groups are given by
Hi(Λ
<a ∪ γ¯,Λ<a) ∼=
{
G for i = λ, λ+ 1
0 otherwise.
An analogous statement holds for cohomology.
For degenerate case, we do not have a definitive answer as the above. However the
following very useful result is due to Gromoll and Meyer in [6].
Theorem 2.3. Let γ be an isolated (possibly degenerate) closed geodesic with index λ
and nullity ν. If a local level homology group Hi(Λ
<a∪γ¯,Λ<a) 6= 0 then i ∈ [λ, λ+ν+1].
The same holds for cohomology groups.
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A consequence of the above theorem, is the following celebrated theorem of Gromoll
and Meyer [6].
Theorem 2.4. Let M be a compact simply connected Riemannian manifold such that
the sequence of Betti numbers βi(Λ(M)) is unbounded (with some field of coefficients).
Then M admits infinitely many non constant, geometrically distinct closed geodesics.
In [16], Vigué-Poirier and Sullivan showed that the assumption of the above theorem
is satisfied when the manifold is sufficiently complicated, more precisely:
Theorem 2.5. For a simply connected compact manifold M , then the cohomology al-
gebra of M with rational coefficients has at least two generators if and only if the Betti
numbers of Λ(M) with rational coefficients are unbounded.
This is in particular true for globally symmetric spaces of rank > 1 [17].
Among the spaces which do not satisfy the assumptions of the Gromoll-Meyer the-
orem, are the symmetric spaces of rank 1, which includes our most familiar spaces
n-spheres. Below we state two theorems of N. Hingston [7, 8], which can be applied to
show that any Riemannian 2-sphere admits infinitely many closed geodesics.
Theorem 2.6. Let γ be a closed geodesic on an n-dimensional compact manifold M
with F (γ) = a. With the notations as above, assume that Hλ1+η1+1(Λ
<a ∪ γ,Λ<a) 6= 0
and λm+ νm = m(λ1+ η1)− (n−1)(m−1) for all m ≥ 1. Then M has infinitely many
closed geodesics.
Theorem 2.7. Let γ be a closed geodesic on an n-dimensional compact manifold M
with F (γ) = a. With the notations as above, assume that Hλ1(Λ<a ∪ γ,Λ<a) 6= 0 and
λm = mλ1+(n−1)(m−1) for all m ≥ 1. Then M has infinitely many closed geodesics.
See [7, 8] for how to identify a geodesic on 2-sphere satisfying the hypothesises of the
above theorems.
To the author’s knowledge, the closed geodesic problem remains largely open for
symmetric spaces of rank 1. We refer readers to the survey articles [3, 12] for various
other results and conjectures about closed geodesics.
3. Applications of string products
The string products, first defined in [4, 15], brought a new dimension to the study of
homology of the free loop space. We briefly recall the definitions.
Let A →֒ B be a co-dimension m embedding into a finite dimensional manifold B,
then the induced Gysin map is the composition
Hp(B)→ Hp(B,B − A) ∩µ−→ Hp−m(A),
where µ is the Thom class of a normal bundle V → A, V a tubular neighbourhood
of A in B.
For t ∈ (0, 1), let Θt = {α ∈ Λ|α(0) = α(t)}, cutt : Θt → Λ × Λ cuts a loop at time t,
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and Θ = {(α, β) ∈ Λ× Λ|α(0) = β(0)}, concat : Θ→ Λ denotes the concatenation. In
[15], the authors showed that the Gysin map can also be defined for the embeddings
Θt →֒ Λ codim n and Θ →֒ Λ× Λ codim n.
Then the maps
Λ× Λ←−֓ Θ concat−−−→ Λ,
induces the Chas-Sullivan product, denoted by •,
(3.1) Hi(Λ)×Hj(Λ) EZ−−→ Hi+j(Λ× Λ) Gysin map−−−−−−→ Hi+j−n(Θ) concat∗−−−−→ Hi+j−n(Λ),
where EZ is the Einlenberg-Zilber map. We also have the maps
Λ
codim n←−−−−֓ Θt cutt−−→ Λ× Λ for t ∈ (0, 1),
or equivalently, the maps
(3.2) Λ
Γt−→ Λ codim n←−−−−֓ Θ 1
2
cut 1
2−−→ Λ× Λ, for t ∈ [0, 1],
where Γt : Λ→ Λ is a reparametrization such that cut 1
2
◦Γt = cutt on Θt ( see [5] for
example of such a Γt), which induce
(3.3) Pt : C
i(Λ× Λ)
(cut 1
2
)#
−−−−→ C i(Θ 1
2
)
Gysin map−−−−−−→ C i+n(Λ) Γ
#
t−−→ C i+n(Λ).
Pt, t ∈ [0, 1] defines a homotopy between P0 and P1 i.e. Pδ + δP = P0 − P1. P0, P1
vanishes on C∗(Λ,Λ0), cochains relative to constant loops. Thus, precomposing with
cross product, P induces a product on cohomology, denoted by ⊛,
H i(Λ,Λ0)×Hj(Λ,Λ0) ⊛−→ H i+j+n−1(Λ,Λ0),
known as the Goresky-Hingston product.
Let Fp be the finite field with p elements where p > 0 is a prime integer. In [9], using
the Chas-Sullivan product, Jones and McCleary extended Theorem 2.5 for coefficients
Fp, and consequently, proved the following.
Theorem 3.1. Let M be a simply connected compact manifold. If the cohomology
algebra H∗(M,Fp) cannot be generated by one element, then any Riemannian metric
on M has infinite many geometrically distinct closed geodesics.
In [5], the authors showed that the C-S product extends (compatible with the product
on homology of Λ) naturally to a product on level homologies as follows:
(3.4) Hi(Λ
≤a,Λ<a)×Hj(Λ≤b,Λ<b)→ Hi+j−n(Λ≤a+b,Λ<a+b).
Similarly, the G-H product extends to level cohomologies as follows:
(3.5) H i(Λ≤a,Λ<a)×Hj(Λ≤b,Λ<b)→ H i+j+n−1(Λ≤a+b,Λ<a+b).
Let A,B ⊂ Λ we write A ×M B = (A × B) ∩ Θ. Let φmin : (Θ − Λ0) → Λ defined
by φmin(α, β) = φs(α, β) with s =
F (α)
F (α)+F (β)
, which extends continuously to Λ0 giving
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a map φmin : Θ→ Λ, and define A • B = Φmin(A×M B). In particular, for any γ ∈ Λ
and m ≥ 1, γm • γ¯ = γm+1.
The following is a restatement of Proposition 10.2 in [5].
Proposition 3.2. Let A and B be any closed subsets of Λ≤a−Λ0 and Λ≤b−Λ0 respec-
tively, for 0 ≤ a, b ≤ ∞ . Then the G-H product extends to a product
H i(Λ≤a,Λ≤a − A)×H i(Λ≤b,Λ≤b − B) ⊛−→ H i+j−n+1(Λ≤a+b,Λ≤a+b −A •B).
For an isolated closed geodesic γ with F (γ) = a, using lemma 4.2.3 in [10], we have
H∗(Λ<a ∪ γ¯,Λ<a) ∼= H∗(Λ≤a,Λ≤a − γ¯).
Assume that all the orbits of iterates of γ, γ¯m are isolated. Then, taking A = γm
and B = γ¯ in the above proposition gives
(3.6) H i(Λ<ma∪γm,Λ<ma)×Hj(Λ<a∪γ¯,Λ<a) ⊛−→ H i+j+n−1(Λ<(m+1)a∪γm+1,Λ<(m+1)a).
Similarly, it follows from Proposition 5.3 in [5]( as in Theorem 11.3 for nondegenerate
case), that the C-S product extends to
(3.7) Hi(Λ
<ma ∪ γm,Λ<ma)×Hj(Λ<a∪ γ¯,Λ<a) •−→ Hi+j−n(Λ<(m+1)a ∪ γm+1,Λ<(m+1)a).
Now we prove two theorems mentioned in the introduction.
Proof of Theorem 1.1. Let x ∈ Hj(Λ<a ∪ γ,Λ<a) be a non-nilpotent level homology
class of γ, where a = F (γ). By 3.7, this means
x•m ∈ Hmj−n(m−1)(Λ<(m+1)a ∪ γm,Λ<(m)a)
is a non-trivial class for all m ≥ 1. Denote by λm = index(γ), νm = nullity(γ). It
follows then from the Gromoll and Meyer theorem 2.3 that
(3.8) λm ≤ mj − n(m− 1) ≤ λm + νm + 1 for all m ≥ 1,
and in particular,
(3.9) λ1 ≤ j ≤ λ1 + ν1 + 1.
Since νm ≤ 2n− 1 for all m, it follows that the average index of γ
(3.10) λ¯ = lim
m→∞
λm
m
= j − n.
On the other hand, we have the following from Bott’s index estimate 2.1
m(λ1 + ν1)− (m− 1)(n− 1) ≤ λm + νm for all m ≥ 1,
which implies
(3.11) λ1 + ν1 − n+ 1 ≤ λ¯.
Combining the above equations 3.9, 3.10 and 3.11, we get
j = λ1 + ν1 + 1.
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So Equation 3.9 can be rewritten as
(3.12) λm ≤ m(λ1 + ν1)− (m− 1)(n− 1) + 1 ≤ λm + νm + 1.
Now we claim that
λm + νm = m(λ1 + ν1)− (m− 1)(n− 1) for all m ≥ 1.
Suppose our claim is false, then it follows again from 2.1 that for some positive
integers k and C we have
λk + νk = k(λ1 + ν1)− (k − 1)(n− 1) + C.
Then for any positive integer r, we have
λrk + νrk ≥ r(k(λ1 + ν1)− (k − 1)(n− 1) + C)− (r − 1)(n− 1)
=⇒ λrk ≥ rk(λ1 + ν1)− (rk − 1)(n− 1) + rC − νrk.
This contradicts the first inequality of Equation 3.12 for large r. This proves our
claim, hence completes the proof of the theorem.

Proof of Theorem 1.2. Let x ∈ Hj(Λ<a ∪ γ¯,Λ<a) be a non-nilpotent level cohomol-
ogy class produced by γ, where a = F (γ). By 3.7, this means
x⊛m ∈ Hmj+(m−1)(n−1)(Λ<(m+1)a ∪ γm,Λ<(m)a)
is a non-trivial class for all m ≥ 1. It follows then from the theorem of Gromoll and
Meyer 2.3 that
(3.13) λm ≤ mj + (m− 1)(n− 1) ≤ λm + νm + 1 for all m ≥ 1,
Using a very similar argument as in the last theorem, we get j = λ1 = index(γ), and
we can also prove that γ has maximal index growth, i.e.,
λm = mλ1 + (m− 1)(n− 1) for all m ≥ 1.

The following corollary is essentially a restatement of Theorems 12.6 and 12.7 in [5]
put together.
Corollary 3.3. Let M be a compact Riemannian manifold with F : Λ→ R defined as
above. If there is a non-nilpotent level homology class with respect to the C-S product
then M has infinitely many closed geodesics. An analogous statement holds true for
cohomology with the G-H product.
Proof. Let x ∈ H∗(Λ≤a,Λ<a) be a non-nilpotent level homology class, for some a ≥ 0.
Suppose that there are only finitely many geodesics γ1, γ2, · · · , γr such that F (γi) = a
for i = 1, 2, · · · , r, so they are obviously isolated. Consequently,
(3.14) H∗(Λ
≤a,Λ<a) ∼= ⊕ri=1H∗(Λ<a ∪ γ¯i,Λ<a).
Write x =
∑r
i=1 xi, then there must exist a non-nilpotent class
xk ∈ H∗(Λ<a ∪ γ¯k,Λ<a),
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for some γk, 1 ≤ k ≤ r. Then by Theorem 1.1, γk satisfies the hypothesis of Theorem
2.6, therefore, M has infinitely many closed geodesics. It is easy to see that if there are
infinitely many geodesics at level a then M has infinitely many closed geodesics.
A very similar argument using Theorem 1.2 for cohomology can be made to show
the existence of a geodesic satisfying the hypothesis of Theorem 2.7. Therefore, M has
infinitely many closed geodesics. This completes the proof.

The following corollary is essentially a restatement of Theorems 7.3 and 11.3 in [5]
put together.
Corollary 3.4. Let M be a compact manifold. Then for a generic Riemannian matric
onM , with F : Λ→ R defined as above, for every a ≥ 0, every local level homology class
x ∈ H∗(Λ<a∪ γ¯,Λ<a) is level-nilpotent. Analogous statement holds true for cohomology.
Proof. For a generic Riemannian metric on a manifold M , all closed geodesics are non-
degenerate [14]. By Bott’s index estimate 2.2 index growth of iterates of any closed
geodesic can not be maximal. Nondegenerate closed geodesics are obviously isolated.
Then by the above theorem, any local level homology or cohomology class of any geo-
desic is nilpotent. Then the proof is concluded using 3.14. 
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